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Question 1 [20 marks] 


The complex sine function is defined by 


w=sinz = —(e*—-e'*). 

2 i! ) 
(a) Define the notion of “entire function” and show that the sine function is entire. 
(b) Show that, for any z € C, |sin(x +iy)|? = sin? x + sinh? y. 


(c) Decide if w = sin z, as a function defined on C, is bounded and justify your answer. 


Question 2 [20 marks] 


1 
Find the Taylor series for f(z) = a disc centred in zp =i. 
Ze — 


Determine the radius of convergence of the Taylor series. 
Question 3 [20 marks] 


Find the principal part of the Laurent series at 0 of the functions below and determine 


the type of singularity in each case. 


(a) #2) = 52+ 2). 
) f=" 


Question 4 [20 marks] 


Decide which of the following statements are true and which are false. Prove the true 


statements and give a counterexample to the false statements. 
(a) For any z € C, sin? z + cos? z = 1. 
(b) If f(z) is a polynomial of order > 1 then lim,_,.. f(z) = oo. 


(c) Let f be an analytic function on some domain D with |f| < 1 throughout D. Then 


f is constant. 


(d) If f(z) is analytic on a domain 2 and |f(z)| attains its minimum at some point zp € 2 


then f is constant. 
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(e) If f(z) is an analytic function defined on some domain 2 then u = Re f and v = Im f 


are harmonic on 2. 


Question 5 [20 marks] 


2 
| zg Pad 
G 


where C is the unit circle |z| = 1 traversed counter-clockwise. 


(a) Compute the integral 


(b) Using residues evaluate 
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